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ABSTRACT
We study non-adiabatic transitions among energy levels of a slowly deforming nuclei so that the
system evolves to states which are out of thermodynamic equilibrium, and phenomena like heating
and dissipation occur. Such states verify well-known results of non-equilibrium statistical mechanics
given by Jarzynski and Bochkov - Kuzovlev equalities. We study the validity of these equalities for
various nuclei.
One of the central themes of many-body quantum physics is to relate the relaxation of a system to the evolution of its
single-particle energy levels. Given a many-body system of interacting particles in thermal equilibrium at temperature,
T , the occupation of the particles is decided by an equilibrium distribution function with a mean-field Hamiltonian
[1]. There are very well-known constructions describing nuclei and metallic clusters like the Nilsson model [2] and
the Clemenger-Nilsson model [3], billiard models for quantum dots and electromagnetic cavities [4], and so on. It is
also well-known that in this description, when a system evolves in time, the energy levels evolve - they cross, or, avoid
to cross, depending on the quantum numbers of their corresponding states [5]. For such systems, it has been shown
that the energy diffuses in a rigorous manner [6, 7]. However, for specific case of nuclei, the effect of non-adiabatic
transitions on the many-body system, as it is thrown out of canonical equilibrium, has not been understood. It is
clear that such a study is broadly relevant to many-body physics, but it is particularly significant as we are engaging in
experiments where quantum systems are manipulated in the context of ultracold atomic physics or quantum computing
and communication.
Here, we consider a complex enough case of nuclei where we are able to understand the nature of state out of equi-
librium and see how it emerges as a result of non-adiabatic transitions. We do not claim that our conclusions and
results are applicable, in letter, to all many-body systems, but we do believe that they are relevant and useful in spirit.
Nilsson [2] presented a model in terms of a three-dimensional oscillator with spin-orbit interaction and a correction to
the oscillator potential for higher angular momentum values. This well-known Hamiltonian is given by:
H = H0 + Cl¯.s¯+Dl¯
2 (1)
where,
H0 = − h¯
2
2m
∆ +
m
2
(ω2xx
2 + ω2yy
2 + ω2zz
2). (2)
Here, x, y, z are the position coordinates of a particle in a frame fixed with respect to the nucleus. C and D are
constants which are fixed as discussed in [2], l is the orbital quantum number, s is the spin quantum number. For the
case of spherical nuclei, ωx = ωy = ωz = ω0 = 41A1/3h¯ . The l¯
2 term gives correction to the oscillator potential at large
distances and is important for large l-values. In order to study how these energy levels change with deformation, we
take the case of ωx 6= ωy 6= ωz , and we introduce a deformation parameter [8]. The Hamiltonian obtained thus, upon
diagonalization, entails the energy levels which are obviously dependent on deformation in a complicated manner.
Non-adiabatic transitions have not only been observed in finite systems like metallic clusters [9] and quantum dots [10]
but also their studies have been instrumental in measurement of properties like decoherence for a quantum computer
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[11]. For studying non-adiabatic transitions in a nucleus, we have considered these ‘Nilsson’ levels, decorating the
iconic, so-called Nilsson diagrams. Non-adiabatic transitions may occur at these avoided crossings whenever the levels
come closer than the mean spacing at that deformation [12]. The ensuing Landau-Zener-Stu¨ckelberg (LZS) probability
between two adjacent levels is given by,
PLZS ∼ exp
−2pih¯ (i − i−1)2∣∣∣∣d(i−i−1)dt ∣∣∣∣
 (3)
where {i} are the single-particle energy levels on the Nilsson diagram. These levels change with deformation, which
is time-dependent. Typical time scales are that of thermalisation of a nucleus, where the nucleus loses its excitation
energy (say, after a nuclear reaction) and comes back to its ground state. It is about 10−21 seconds.
We pose the problem of studying how an initially canonical distribution of a nucleus changes as the system is subjected
to deformation. We would like to note that there are treatments involving more than two levels which play an important
role in the case of complex molecules.
There is another motivation for carrying out this work, in addition to furthering our understanding of nuclear friction
or heating and thermodynamics of such finite systems [13]. In a discussion on mass parameters in large amplitude col-
lective motion, a relation was found between microscopic dynamics and diffusive modes for large amplitude collective
motion [14]. Mass parameter was shown to originate due to chaotic single-particle motion, and a fractal dimension of
the ensemble of paths in the deformation space. Thus, it is of interest to consider a collection of paths in deformation
space and let the system evolve; eventually of course we extract average quantities.
Initially, we distribute nucleons among the energy levels according to the Maxwell - Boltzmann distribution for some
temperature. We then perform a Gaussian random [15] walk of 1000 steps in the deformation space. At each point
in the deformation space, the LZS transition probability is calculated and the nucleons are redistributed by these
probabilities. At the end of the random walk, a new distribution is obtained, from which a Boltzmann-like temperature
is extracted by fitting. We collect 1000 such random walks for various mass numbers (A) at 2 and 5 MeV . It should
be noted that a case with more number of random walks shows similar results, but more number of random walks are
computationally expensive. So, an optimal number of 1000 random walks have been chosen.
The total energy is calculated by,
Etotal =
k∑
i=1
EiNi (4)
where, Ei is the energy of the ith level at a specific value of deformation and Ni is the number of particles in the ith
level. k is the total number of levels between which these nonadiabatic transitions are being studies.
Here, we consider the levels in the state 12
+. These levels are populated with A number of particles corresponding to
the number of nucleons in the nucleus. We then take the extracted Boltzmann- like temperatures and plot a normalized
histogram, which is shown in Fig. 1 and 2, for A = 20, 40, 60, 100, 200 number of particles in a nucleus. It can be
seen that a clear heating of the nucleus is observed due to the LZS transitions occurring during the deformation of the
nucleus.
1 Jarzynski and Bochkov-Kuzovlev equalities
Consider a thermally isolated system on which external forces deliver work. Then, the Hamiltonian will depend on a
time-dependent parameter λ(t), which will lead to the evolution of the Hamiltonian. At temperature T = 1/(kbβ),
the average work is given by,
〈W 〉 = 〈H(pf , qf , λ(tf ))−H(pi, qi, λ(ti))〉 (5)
where the average, 〈〉, is performed over repeated experiments from an initial i to final f epochs.
The Jarzynski equality [16] states that,
〈exp (−βW )〉 = exp (−β∆F ) (6)
where, ∆F = Ff − Fi, where F is the equilibrium free energy of the system.
If there is a rapid change in the parameter λ(t), then the entropy increases. In such a case,
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Figure 1: An initial Boltzmann distribution for various A values is prepared at kbT = 2 MeV and subjected to a
random walk in deformation space. At the end of the deformation, a Boltzmann-like temperature is extracted. Such
1000 realisations are done and are represented as a normalized histogram. The mid points of the histogram are joined
to obtain the above figure. It can be seen that the final temperature is always greater than the initial temperature of
2 MeV .
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Figure 2: An initial Boltzmann distribution for various A values is prepared at kbT = 5 MeV and subjected to a
random walk in deformation space. At the end of the deformation, a Boltzmann-like temperature is extracted. Such
1000 realisations are done and are represented as a normalized histogram. The mid points of the histogram are joined
to obtain the above figure. It can be seen that the final temperature is always greater than the initial temperature of
5 MeV .
〈W 〉 > ∆F. (7)
For a cyclic process, i.e. when the final and the initial values of the parameter λ(t) are the same, then ∆F = 0. In
such cases equation 6 becomes Bochkov - Kuzovlev (BK) equality [17, 18],
〈exp (−βW )〉 = 1 (8)
3
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To be sure that our study is consistent with fundamental ideas of non-equilibrium statistical mechanics, we now study
Jarzynski and Bochkov-Kuzovlev equalities. It is difficult to overstate the significance of these inequalities [19], thus
their verification is of importance for validity of our ideas.
∆F is given by,
∆F = −kbT log〈exp−βW 〉. (9)
If we write work as W = 〈W 〉+ δW , and expand in terms of δW , we arrive at the expression [20],
∆F ≈ 〈W 〉 − β〈(δW )
2〉
2
. (10)
The values of 〈exp (−βW )〉 and exp (−β∆F ) for two temperatures are shown in the Table 1. It can be seen that
for temperature 2 MeV , the Jarzynski equality is followed. The Jarzynski equality is also followed for 5 MeV till
A = 60. For high temperature and high A values, the inequality (7) is followed, hinting that due to the increase in
entropy Jarzynski equality is not followed.
2 MeV 5 MeV
A 〈exp (−βW )〉 exp (−β∆F ) 〈exp (−βW )〉 exp (−β∆F )
20 1.0001 1.0011 1.0077 1.0117
40 1.0002 1.0002 1.0513 1.1480
60 1.0008 1.0083 1.1239 1.7179
100 1.0040 1.0042 995.0000 50.8406
200 1.0214 1.0368 989.0000 1.01× 1018
Table 1: The Jarzynski equality is tested for various A values for 2 and 5 MeV . 1000 instances of a Gaussian
random walk with 1000 steps each in the deformation space are considered. The work done and free energy due to
LZS transitions are calculated and their values are compared. The Jarzynski equality is valid for all cases except for
5 MeV for A = 100, 200. For high excitation and high number of particles, the entropy is high, which leads to the
system following equation 7 and hence leading in the higher value of exp (−β∆F ).
We construct a set of deformation paths which are governed by Gaussian random distribution and return to the initial
condition. This is the case when a deforming nucleus returns to its original shape. In this case (8) is valid, as seen in
Table 2.
2 MeV 5 MeV
A 〈exp (−βW )〉 〈exp (−βW )〉
20 1.0000 0.9999
40 1.0000 0.9999
60 0.9999 0.9998
100 0.9998 0.9971
200 0.9895 0.9176
Table 2: For a cyclic process with the deformations being governed by Gaussian random process, the ∆F value is
equal to zero. For the validity of the BK equality, the value of 〈exp (−βW )〉 should be one. With 1000 random walks
of 1000 steps each, this W is calculated for the LZS transitions in the nucleus. The values of the average of exp−βW
are tabulated. It can be seen that for cyclic deformation process guided by the Nilsson Hamiltonian, the BK equality
is fulfilled.
Figures 3 and 4 show the probability distribution for work done by LZS transitions along random paths. It can be seen
that for heavier nuclei, the distribution of work done is broader as compared to that for lighter nuclei. This is perhaps
because in heavier nuclei, the energy levels are closer than that in lighter nuclei. The closeness of the energy levels
increases the LZS transitions, leading to more changes in energy of the system and hence the work done. In that it
becomes a faster process, thereby verifying (7).
2 Conclusion
We study the Landau-Zener-Stu¨ckelberg transitions in a deforming nucleus with the number of nucleons as 20, 40,
60, 100 and 200. We observe nuclear heating due to these transitions. The probability density of the work done
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Figure 3: The normalized histogram of the distribution of W is shown in the figure above for 2 MeV of initial
temperature. This histogram is made by collecting 1000 instances of 1000 Gaussian random walks in deformation
space each. At the end of each walk, the difference in the initial and final energies gives the work done.
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Figure 4: The normalized histogram of the distribution of W is shown in the figure above for 5 MeV of initial
temperature. This histogram is made by collecting 1000 instances of 1000 Gaussian random walks in deformation
space each. At the end of each walk, the difference in the initial and final energies gives the work done.
broadens as the number of particles increase due to closely spaced energy levels in heavier nuclei. We further verify
the Jarzynski and Bochkov-Kuzovlev equalities for this system of a deforming nucleus undergoing transitions through
LZS mechanism.
We would like to emphasize that the collective properties are emerging from the detailed re-organization of occupation
of the particles on the energy levels. In usual treatments, these effects are not considered. We believe that self-
consistent inclusion of energy level dynamics is crucial, and that this also serves to throw the system out of equilibrium.
The initial distribution or density matrix is not important, as shown by the derivation in [6].
Understanding the relationship of non-equilibrium features like heating and dissipation and microscopic quantum
systems like nuclei has been a topic of fundamental discussion for a long time [21]. Here we have shown that one of
5
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the mechanisms is the LZS transition by which nuclei evolve to a state which is out of thermodynamic equilibrium.
This state is characterized by Jarzynski and Bochkov - Kuzovlev equalities.
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